Normally, bimolecular reactions are analyzed in terms of the Smoluchowski theory. However, when one attempts to generalize this analysis to cases where diffusion proceeds in two other than in three dimensions, one soon encounters severe conceptual difficulties. Although kinetic studies of membrane enzymes are generally difficult because the usual kinetic formalism refers to nonaggregated homogenous solutions, a major goal of our research is to define the molecular mechanism(s) by which alterations in membrane-bound substrate contents affect the enzyme activity in the same membrane. For that purpose, a simplified random-walk model was adopted in the present work. The enzyme reaction in the two-dimensional membrane could be calculated theoretically by applying the classical analysis of heat equation. As a result, the theoretical rate equation well accounting experimental findings was derived on the model of the liver microsomal NADHcytochrome b5 reductase reaction. Furthermore, it was found that the modification of the simple rigid-sphere collision theory by including a term called the steric factor was not necessary in this derived equation.
The fluid-mosaic membrane model regards biological membranes as two-dimensional protein solutions in a fluid lipid bilayer phase (17) . The key idea is that the lipid components of the membrane constitute a fluid environment in which there are no barriers to lateral movement. The interaction of membrane-bound enzymes presents an interesting problem in kinetics since the usual assumptions concerning enzyme-substrate interaction in free solution may not be suitable.
The endoplasmic reticulum of liver has many functions that are mediated by membrane-bound enzymes. In the case of cytochrome b5, a well known integral protein of the endoplasmic reticulum (21) , a relatively detailed picture of how this integral protein is bound to the microsomal membrane has been established (6) . Cytochrome b5 in microsomes is known to be reduced by NADH-cytochrome b5 reductase (EC 1.6.2.2). NADH-cytochrome b5 reductase and cytochrome b5 are intimately associated with the microsomal membrane (14, 15) and their kinetic interaction affords a unique opportunity for kinetic studies. This NADH-dependent reduction reaction has received much attention and shows very complex kinetics, exhibiting at least a biphasic time course (12) .
As suggested by Scheel et al. (16) , the classical Michaelis-Menten theory, which is applicable to water-soluble (or solubilized) enzymes and substrates, may not be applicable to membrane-bound enzymes, particularly if the substrate is also in the membrane. This is due in part to geometric restrictions when both the enzyme and the substrate are confined to et al. (10) with bovine serum albumin as a standard.
Stopped-flow kinetic analysis. Flow techniques present a powerful tool for investigating the time range from seconds to milliseconds. Since the NADH-dependent reduction of microsomal cytochrome b5 is very rapid (msec order), the enzymatic activities were measured with a stopped-flow instrument and the manufacturer's computer system (Applied Photophysics, SX-18MV, Leatherhead, U.K.) (9) . The reduction of microsomal cytochrome b5 by 100 μM NADH in the micro stopped-flow apparatus at 25°C was measured at 423 nm. The velocity of reduction was measured at the initial linear stage, which continued for 10 msec after the initiation of the reaction.
The passive random walk in membranes. The basic method of our treatment is nearly the same as in Adam and Delbrück (1) and many subsequent works, i.e., we calculate the steady state diffusion flux of cytochrome b5 particles into a NADH-cytochrome b5 reductase sink. The representation of the cytochrome b5 reductase region as a sink for cytochrome b5 molecules has two aspects: physically it means that every encounter leads to a binding reaction, and this is precisely what is called diffusion controlled process; the mathematical implication is that the initial situation of no reaction product present is maintained through all times and thus becomes describable as a well defined stationary solution of the diffusion equation.
Basic analytical data for calculation (3) . The following values were used in the present studies for induction of the theoretical enzyme reaction rate in the two dimensional membrane. In a previous report, we presented evidence that the lipophilic substrate and enzyme interact mainly within the plane of the membrane, presumably by lateral diffusion (25) . One hypothesis that has been proposed to explain the biphasic nature is diffusion control of the lipophilic substrate. Analysis of the role of diffusion is especially strengthened when studies of biophysical structural and functional relationships can be correlated directly with enzyme kinetics in a particular membrane (26) . Molecular spread via lateral diffusion in membrane is extremely important for the following reasons: firstly, random motion in two dimensions may provide a more effective directional transport than three dimensional diffusion (1); secondly, the viscosity of cell plasma is usually very high.
However, we are unaware of other reports dealing with the detailed kinetics of these membrane-associated events. Therefore, we wish to propose and develop the ideas that organisms handle some of the problems of timing and efficiency, in which small numbers of molecules and their diffusion are involved, by reducing the dimensionality in which diffusion takes place from three-dimensional space to two-dimensional surface diffusion. In this paper we have re-examined the microsomal NADH-cytochrome b5 reductase reaction by mathematical simulation on the basis of the analytical data of the membrane components.
MATERIALS AND METHODS
Chemicals. NADH was obtained from Sigma. All other chemicals were of reagent grade.
Preparation of microsomes.
Rat liver microsomes were prepared as described previously (25) . The final suspension contained 20 mg of protein/mL in 0.1 M potassium phosphate buffer (pH 7.5). Cytochrome b5 content in the microsomes (0.648 nmol/mg protein) was determined from the NADH reduced minus oxidized difference spectrum at 423 nm using an extinction coefficient of 119 mM −1 (24) . Cytochrome b5 is present in microsomes in about 10-fold excess over the NADH-cytochrome b5 reductase (19) . Samples were stored at −70°C prior to use. Protein was measured by the method of Lowry Calculation of mean diffusion time and reaction rate We followed the computations of Hardt (8) in deriving the reaction rates. When we consider fpD as a sink where b5 diffuse freely, the diffusion distance (denoted b) b b5 of b5 is computed as
Similarly, the changing the role of b5 and fpD, 
RESULTS

Experimental time course of endogenous cytochrome b5 reduction in microsomes
Endogenous cytochrome b5 in microsomes was reduced so rapidly that its absorption changes could not be followed by the use of a usual spectrophotometer. Therefore, in the present study, the stoppedflow method was employed, as described previously (9) . The rate of reduction was found to be biphasic, with an initial burst followed by a slower steady state. The initial rapid phase was completed within 10 msec and over 90% of the cytochrome b5 was reduced in 40 msec.
The biphasic changes presented above are best accompanied by a model for the microsomal membrane in which cytochrome b5 and NADHcytochrome b5 reductase are randomly distributed on the surface of the microsomal membrane, undergoing diffusion and random collision. However, diffusion and collision of the proteins are limited to two dimensions in microsomal membranes. Therefore, the steady-state rate of reduction of cytochrome b5 should depend upon the lateral diffusion rate of membrane electron transfer proteins.
Estimates of molecular number of membrane proteins per unit area
Based on the analytical data above, we derived the approximate numbers of NADH-cytochrome b5 reductase (denoted fpD) and cytochrome b5 (denoted b5) per unit area (1 cm 2 ), which will be used to compute the reaction rate and to carry out the simulations.
Since the ratio of surface area of membrane phospholipids/membrane proteins is approximately 2 : 1, and the mean surface area of membrane proteins is 250 × 10 −16 cm 2 , the number of membrane proteins per unit area is Since the mean molecular weight of membrane proteins is 50,000, 1 mg equals 20 ( = 10 9 /50,000/1,000) nmol. The contents of fpD and b5 are 0.05 and 0.5 nmol/mg of membrane proteins, thus, the number ratios of fpD and b5 within membrane proteins are about 0.25% and 2.5%, respectively. On the other hand, fpD and b5 are known to reside only on the exterior of microsomal particles. As the results, the number ratios should be roughly doubled, thus they are 0.5% and 5%, respectively. These show that the numbers of fpD and b5 are roughly estimat- (Fig. 1) . Note that the time unit used here is in the second. The results show that 63%, 86% and 95% of b5 are reduced after 20, 40 and 60 msec, respectively.
Simulation
Based on the number of fpD and b5 on the microsomal membrane per unit area and the reaction radius as above, we simulated the numerical random walk on the square (5 × 10 −5 cm × 5 × 10 −5 cm). The area should contain about 160 fpD and 1600 b5 at the onset of the reaction. We randomly distribute the points on the square and simulated Brownian motion with given diffusion speed, which is 10 −10 cm 2 / sec. Whenever b5 approaches fpD within the reaction radius (1.5 × 10 −7 cm), we eliminate those b5. Now we estimate that N b5 is proportional to e −29t
, of which exponent index well accounts the experimental findings of e −33t (9) (Fig. 1 ). This experimental index was the average of 20 separate assays.
On the other hand, as for the difference of reaction rates between the theoretical and numerical results, i.e., e −50t and e −29 , it is likely that the small ratio of b fpD /a = 5 at initial stage should give a faster reaction rate than the results we adopted. When this ratio is smaller than 10, the approximation by the first eigenvalue of the Bessel function for the solution of the heat equation might not be accurate (1) . However, the order of magnitude of the reaction will not be different significantly.
DISCUSSION
Recently there has been a growing interest in biochemical reactions which are confined to reduced dimensionality. Accumulating experimental evidence suggests that various biochemical encounter processes are subject of diffusion control. These processes are, for example, the binding between the hormone receptor and the adenylate-cyclase in the erythrocyte membrane (7, 13) and the aggregation phenomena on lymphocyte membranes (2) . The interpretation of such experimental observations requires an extension of Smoluchowski's analysis (18) to cases in which diffusion proceeds two-dimensionally. Therefore, in this communication we presented an analysis of the steady state rate of diffusion-controlled reactions when these reactions proceed in two di- mensions (on/in a membrane).
Homogenization of tissues extensively fragments endoplasmic reticulum. These fragments seal, rightside-out, to form closed vesicles which are recovered in the microsomal subcellular fraction (3, 4) . The external surfaces of all microsomal vesicles correspond to the cytoplasmic surface of the endoplasmic reticulum (3, 4) . Preparation of wrongside-out microsomal vesicles are not available. Microsomal vesicles have been useful for studies of the transverse asymmetry of proteins, because they appear to mirror the properties of the endoplasmic reticulum (11) . It is now well established that the functional asymmetry of many biological membranes is directly related to the absolute asymmetric distribution of proteins transversely across the membrane.
The initial characterization of the binding of cytochrome b5 to microsomes (23) led us to propose a model for cytochrome interaction with cytochrome b5 reductase in which both proteins are randomly distributed on the outer side of vesicles and undergo translational diffusion in the plane of the membrane prior to catalytic interaction. The amphipathic structure of the heme protein and flavoprotein results, in each case, in attachment by a nonpolar peptide segment, thus orienting the functional coenzyme to the membrane-solution interface (19, 20) .
This model requires translational diffusion of these proteins within the membrane collisions that may be required for productive event, i.e., electron transfer between reductase and cytochrome b5 prior to interaction (22) . An interesting aspect of the kinetic behavior is the failure to observe a kinetically significant complex between cytochrome b5 and reduced reductase. This indicates that interactions between the proteins are very rapid compared to their rates of diffusion within the membrane. This result could be a reflection of a decreased rate of diffusion in the membrane relative to the rates that occur in solution.
We should note that lateral diffusion, effectively in two dimensions, serves to concentrate reactants and hence to increase the frequency of their interaction (1) . Control of such diffusion-coupled reaction could be effected, at least in part, by control of the rate of lateral diffusion. Any given reactant molecule must diffuse for some distance in the membrane before it meets another reactant molecule. Thus the number of such encounters in the membrane will be lower than in solution. Having once met, however, the two reactant molecules will remain close to each other for a considerable time, being surrounded by a "cage" of solvent molecules.
The work of Enoch et al. demonstrated that the membrane-binding segments of both cytochrome b5 and cytochrome b5 reductase serve not only to markedly increase the effective local concentration of these amphipathic proteins by restricting them to translational diffusion in a limited area of membrane vesicles, but also to provide optimal spatial orientation for interactions between the catalytic segments of the two proteins (5) . Thus repeated collisions may occur between the same pair of reactant molecules. In a membrane, the upper limit for the rate of a bimolecular reaction is set by the collision frequency. In a liquid, the upper limit to the reaction rate is set by the frequency of first encounters between reactant molecules moving randomly through the solution.
Studies of membrane enzymology should yield a better understanding both of membrane structure and of the turnover and function of membrane components. However, more conclusive information is required before this can be definitely substantiated. In an effort to ascertain whether the phenomena so far described are of a general nature, studies of the other membrane-bound enzyme systems are needed.
